Business PreCalculus MATH 1643 Section 004, Spring 2014
Lesson 20: Polynomial Functions

Definition 1. Quadratic Function: A polynomial function of degree n is a function of the form

f(x) = apz™ + 12"V 4 ap_0x™ 2 4 ap_32" 3 4 - + asx® + a1z + ao,

where n is a nonnegative integer and the coefficients a,, an_1, n_2, - , n_3, G2, a1, Gy GTE
real numbers with a, # 0.

Definition 2. Leading Term: The term a,x™ is called the leading term.

Definition 3. Leading Coefficient: The number a, is called the leading coefficient.

Definition 4. Constant Term: The number ag is called the constant term.

Remark 1. Note that the domain of a polynomial function is all real numbers or (—oo, c0).

Example 1. The function f(x) = 2% — 5x* + 7 is a polynomial function of degree 4, leading term
—5z4, leading coefficient —5, and constant term 7.

Definition 5. Power Function: A polynomial function of the form

f(z) = ax”,

1s called a power function of degree n where a is a nonzero real number and n is a positive
nteger.

Example 2. The function f(x) = 223 is a power function of degree 3.

Definition 6. End Behavior for the Graph of f(z) = az™: The behavior of a function y =
f(z) as x — 00 or x — —o0 is called the end behavior of the function.
First, we will discuss the behavior of f(x) = az™ if n is even. Since n_is even then the end
behavior of f(x) = ax™ is similar to either y = 22 or y = —2% depending whether a > 0 or a < 0.
If a > 0, then the graph of f(z) = ax™ rises to the left and right similar to y = x>. We
write y = f(x) — 00 as x — oo and y = f(x) — oo as v — —oo. Pictorially,




Ifa < 0, then the graph of f(x) = ax™ falls to the left and right similar to y = —x%. We
write y = f(x) - —o0 as x — o0 and y = f(x) - —o0 as x — —oo. Graphically,

Second, if n is odd then the end behavior of f(x) = az™ is similar to either y = 2% or

y = —a% depending whether a > 0 or a < 0. For a > 0, the graph of f(r) = ax™ rises to
the right and falls to the left similar to y = z3. We write y = f(z) — o0 as x — oo and
y= f(z) = —oc0 as © — —oo. Graphically,

If a < 0, the graph of f(x) = az™ rises to the left and falls to the right similar to

y=—x3. We write y = f(x) = —00 as x — oo and y = f(x) — 0o as x — —oo. Pictorially,
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Example 3. Given the function f(x) = 2x5. Since n = 3 is odd and a = 2 > 0, then f(z) behaves
similar to 3. This means that f(z) = 22° — o0 as © — oo and f(x) = 22° — —c0 as ¥ — —occ.

Definition 7. End Behavior for the Graph of Polynomial Function: Let f(z) = 2234522~
7z + 11 be a polynomial function of degree 3. Then the end behavior of f(x) is similar to the end
behavior of its leading term because:

f(z) =223 + 522 — 7z + 11
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~23(2+0-040) When x is very large

= 223,
The above definition leads to the following;:

Definition 8. The Leading Term Test: Let f(z) = anz" 4 apn_ 12" ' + ap_02" 2 + ap 32" 3 +
4 agx? 4+ arx + ag be a polynomial function. Its leading term is apx™. The behavior of the graph
of f(z) as x — 00 or x — —o0 is similar to the behavior of anx™.

Definition 9. Zeros of Polynomial Functions: If f is a polynomial function and c is a real
number, then the following statements are equivalent:

1. ¢ is a zero of f.
2. ¢ is a solution of the equation f(x) = 0.
3. ¢ is an x-intercept of the graph of f(x).

Example 4. Find the zeros of the polynomial function f(x) = x3 + 222 — 2 — 2.
Solution: To find the zeros of f(x), we solve the equation f(x) = 0.

flx) =0
23422 —2—-2=0
e}z +2)—1(z+2)=0
(x+2)(z?—1)=0
(x+2)(x+1)(x—1)=0
Then x = =2, x = —1, or x = 1 are the zeros of the function f(x) = 2® + 22> —x — 2.
Remark 2. A polynomial function of degree n has at most n real zeros.

Definition 10. Multiplicity of a Zero: If ¢ is a zero of a polynomial function f(x) and the
corresponding factor x — ¢ occurs exactly m times when f(x) factored completely, then c is called a
zero of multiplicity m.

Example 5. Find the zeros of the polynomial function f(z) = x*(z + 1)(x — 2) and give the
multiplicity of each zero.
Solution: To find the zeros of f(x), we solve the equation f(x) = 0.

Fla) =0
2z 4+ 1)(x-2)=0

Then x =0 is a zero of f(x) with multiplicity 2, x = —1 is a zero of f(x) with multiplicity 1 and
x =2 1is a zero of f(z) with multiplicity 1.
Note that the degree of this polynomial function is 4.



Remark 3. The multiplicity, m, of a zero, c, helps sketch the graph of polynomial functions. We
distinguish between the two cases m is even or m is odd.

1. If m is odd, the graph of f(x) crosses the x-axis at x = c.
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Definition 11. Intermediate Value Theorem: Let a and b be two numbers with a < b. If f(x)
is a polynomial function such that f(a) and f(b) have opposite signs, then there is at least one

number ¢ with a < ¢ <b, for which f(c) =0. This means that there is a zero for the function
between a and b.

Example 6. Show that the function f(x) = —2x3 4+ 4x + 5 has a real zero between 1 and 2.

Solution: To prove the existence of the zero, we need to find f(1) and f(2) and compare their
S1gns.
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Since f(1) and f(2) have opposite signs, then f(x) = —22%+4x +5 has a real zero between 1 and
2.



